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Conclusions 

Embedded Operator Splitting methods (EOS) are very easy to 
implement as they do not require a Kepler solver. An EOS 
method can be configured to be equivalent to: leap-frog, 
Wisdom-Holman, Mercury, SYMBA, and many new methods.

Workhorse for numerical N-body simulations are operator 
splitting methods, especially the Wisdom-Holman integrator.

Determining the stability of planetary systems is a very old 
problem. Analytic solution cannot answer all question.

Our new machine-learning classifier SPOCK can accurately 
predict the stability of compact planetary systems over billions 
of years in seconds (105 times faster than direct N-body).



Talk Outline

The History of the  
N-body problem
(Solar System)

Laskar (Lagrange et la stabilité du Systéme solaire, 2006), Laskar (2013)



Epicycles



Newton (1687)
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rj � ri
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Newton (Opticks 1717,1730) 

And to show that I do not take Gravity for an essential Property of 
Bodies, I have added one Question concerning its Cause, chosing to 
propose it by way of a Question, because I am not yet satisfied about 
it for want of Experiments. […]

For while comets move in very excentrick orbs in all manner of 
positions, blind fate could never make all the planets move one and 
the same way in orbs concentrick, some inconsiderable irregularities 
excepted, which may have risen from the mutual actions of comets 
and planets upon one another, and which will be apt to increase, till 
this system wants a reformation. 



Evidence for irregularity/instability

Six million years ago 
Jupiter and Saturn were at 
the same distance from the 
Sun.

On March 1st, 228 BC, at 
4:23 am, mean Paris time, 
Saturn was observed two 
fingers under Gamma in 
Virgo.

Observations from 1590 
and 1650.

+
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Ptolemy



Explanations for the irregularities?

Euler was twice awarded a prize in 1748 and 1752 related to this 
problem by the Paris Academy of Sciences.

Lagrange thought that Euler’s calculations were wrong and did his 
own.



Laplace (1776) 

Mr. Euler, in his second piece on the irregularities of Jupiter and 
Saturn, find it equal for both these planets. According to Mr. de 
Lagrange, on the contrary, […] it is very different for these two bodies. 
[…] I have some reasons to believe, however, that the formula is still 
not accurate. The one which I obtain is quite different. […] by 
substituting these values in the formula of the secular equation, I 
found absolutely zero, from which I conclude the alteration of the 
mean motion of Jupiter, if it exists, does not result from the action of 
Saturn. 



Lagrange (in a letter to d’Alembert, 1775) 

I am ready to give a complete theory for the variations of the elements 
of the planets under their mutual action. That Mr. de la Place did on 
this subject I liked, and I flatter myself that he will not be offended if I 
do not hold the kind of promise that I made to completely abandon this 
subject to him; I could not resist to the desire to look into it again, but I 
am no less charmed that he is also working on it on his side; I am 
even very eager to read his subsequent research on this topic, but I 
do ask him not to send me any manuscript and send them to me only 
in printed form; I would be obliged that you tell him, with a thousand 
compliments from my side. 



Secular Dynamics, Lagrange (1774) 

Lagrange Brown & Rein 
(in prep)

s1 5.98 5.59

s2 6.31 7.05

s3 19.80 18.84

s4 18.31 17.74

s5 0 0

s6 25.34 26.35

s7 - 2.99

s8 - 0.69

1) Averaging over short time scales.

2) Perturbation theory.

No semi-major axis changes to first 
and also second order (Poisson, 
Haretu and Poincaré) in the 
expansion. 

This still contradicts Ptolemy's 
observations from antiquity.



Laplace (1785)

Simple energy argument implies:

mJ

aJ
+

mS

aS
= const

Thus, can be confident that the change in orbits must be due to 
mutual interactions. 

He’s also shown, no secular terms. Hence must be short period.

Near 5:2 mean motion resonance. Period of 900 years.

Why is 900 years important?



Demo
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Stability



Le Verrier (1840, 1841)

Follows up on the work of Lagrange and Laplace

Goes to higher order.

Discovered small divisor problem: third order could be larger than 
second order terms



Poincaré (1897)

The terms of these series, in fact, decrease first very quickly and then 
begin to grow, but as the Astronomers’s stop after the first terms of the 
series, and well before these terms have stop to decrease, the 
approximation is sufficient for the practical use. The divergence of 
these expansions would have some disadvantages only if one wanted 
to use them to rigorously establish some specific results, as the 
stability of the Solar System. 



Kolmogorov (1954), Arnold (1963), Moser (1962)

Kolmogorov showed that convergent perturbation series exists

Skipping many subtleties (degeneracy, small masses, slow Arnold 
diffusion)

In short: not useful for determining the stability of our Solar System 
with a very specific set of initial conditions
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Predicting the stability of planetary
systems with machine learning

Tamayo et al. (submitted)



SPOCK

Tamayo et al. (submitted)



Applications

- Thousands of observed planets, many in 
multi-planetary systems

- When fitting observations, should use 
a likelihood which incorporates long 
term stability

- Analytical estimates alone 
are not good enough, direct 
numerical simulation way 
too slow

 Corner plot of Trappist-1 posterior, Grimm et al (2018)



SPOCK

Tamayo et al. (submitted)

Unstable

Stable

Make
prediction

12 Summary Metrics

1. Variance in eccentricity
    difference
2. (See Table 1)
...

12-Dimensional
Feature Space

XGBoost Classification Surface

Unstable Systems

Stable SystemsFirst 10  orbits4

+10  orbits9time
Direct
Integration:
(10 hrs)

SPOCK:
(0.5 sec)



Training dataset

Tamayo et al. (submitted)

- Training dataset is not 
random

- Many systems in or near 
mean motion resonances

- Analytic framework to setup 
training dataset

- Also use analytic 
framework to calculate 
features



Feature importance

Tamayo et al. (submitted)



Comparison

Tamayo et al. (submitted)



Performance

Tamayo et al. (submitted)



Easy to use implementation

Tamayo et al. (submitted)

Direct N-body simulation 
with REBOUND

May take days 

Prediction with SPOCK

Takes one second

Setup simulation in REBOUND
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Numerics:
Operator splitting methods



Fundamentals

kinetic term
potential term

r̈i =
NX

j=1
j 6=i

mj
rj � ri

|rj � ri|3
Equations of motions

Hamiltonian



Fundamentals

Poisson Bracket of two functions f, g of the canonical coordinates q, p.

Allows us to write Hamilton’s equations as

Allows us to write the time derivate of any function of q and p as



Fundamentals

Introduce
y(t) = (q1(t), . . . , qN (t), p1(t), . . . , pN (t))

ẏ(t) = {y,H}

LH = {·, H}

The differential equation for the N-body problem is then

'[H]
t

(y0)

A bit more notations. Lie derivative:

Define a solution operator:

Notation roughly follows Hairer, Lubich & Wanner 2006



Fundamentals

A formal way to write down the solution operator

'[H]
t

(y0) = exp (tLH) Id(y0)

=

✓
Id + tLHId +

1

2
t2LHLHId + . . .

◆
(y0)

Only a formal solution!

Notation roughly follows Hairer, Lubich & Wanner 2006

ẏ(t) = LH y(t)
<latexit sha1_base64="Sa5UGuW+xgrXU+bRS87XjU1w278=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIFaTM9ELrQii66cJFBXuBtpRMmrahmQvJGaGULt34Km5cKOLWR3Dn25iZVvF2IPDx/+ckJ78TCK7Ast6NhcWl5ZXVxFpyfWNza9vc2a0rP5SU1agvfNl0iGKCe6wGHARrBpIR1xGs4YwuIr9xw6TivncN44B1XDLweJ9TAlrqmgftng94nIZjfIbbLoEhJQJfdiu4fRKpXTNlZay48F+w55BC86p2zTd9Iw1d5gEVRKmWbQXQmRAJnAo2TbZDxQJCR2TAWho94jLVmcQfmeIjrfRw35f6eIBj9fvEhLhKjV1Hd0arqt9eJP7ntULolzoT7gUhMI/OHuqHAoOPo1Rwj0tGQYw1ECq53hXTIZGEgs4uGYdQKNrZ0wKOIWeVPsH+CqGezdi5TP4qnyqfz+NIoH10iNLIRkVURhVURTVE0S26R4/oybgzHoxn42XWumDMZ/bQjzJePwBgSZfX</latexit>

The differential equation we’re trying to solve



Fundamentals

Splitting method

ẏ = LH(y)

ẏ = (LA + LB) (y) = LA(y) + LB(y).

H = A+B

ẏ = LA(y) and ẏ = LB(y).
We can now consider two new differential equations

r̈i =
NX

j=1
j 6=i

mj
rj � ri

|rj � ri|3



Example!

Let’s split the Hamiltonian:

H =
1

2
p
2 + U(q)

A =
1

2
p2 B = U(q)

y(t) = (q(t), p(t))

ẏ = {y,A}
<latexit sha1_base64="AAmy81EYeRlG/Y17xAMqlDhHRGo=">AAACBXicbZDLSgMxFIYz3q23qktdBIvgQspML7QuBC8blwq2FjpDyaSZNjRzITkjDEM3bnwVNy4Uces7uPNtTMdRvB0IfPz/OSfJ70aCKzDNN2NqemZ2bn5hsbC0vLK6VlzfaKswlpS1aChC2XGJYoIHrAUcBOtEkhHfFezKHZ1O/KtrJhUPg0tIIub4ZBBwj1MCWuoVt+1+CDjBh9gWzAM7TfaPsS35YAj2uFcsmWUzK/wXrBxKKK/zXvFVr6OxzwKggijVtcwInJRI4FSwccGOFYsIHZEB62oMiM+Uk2a/GONdrfSxF0p9AsCZ+n0iJb5Sie/qTp/AUP32JuJ/XjcGr+mkPIhiYAH9uMiLBYYQTyLBfS4ZBZFoIFRy/VZMh0QSCjq4QhZCvWFVDuo4g6rZ/ATrK4R2pWxVy7WLWunoJI9jAW2hHbSHLNRAR+gMnaMWougG3aEH9GjcGvfGk/H80Tpl5DOb6EcZL+9BPpf8</latexit>

ẏ = {y,B}
<latexit sha1_base64="soiJMkh+PJlsRPCXthZ5yDxFJZk=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcCFlpirWhVDqxmUFe4FOKZk004ZmLiRnhGHoxo2v4saFIm59B3e+jem0ircDgY//P+ck+d1IcAWW9W7k5uYXFpfyy4WV1bX1DXNzq6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qY+K0bJhUPg2tIItb1ySDgHqcEtNQzd51+CDjB59gRzAMnTQ5r2JF8MARn3DOLVsnKCv8FewZFNKt6z3zT62jsswCoIEp1bCuCbkokcCrYuODEikWEjsiAdTQGxGeqm2a/GON9rfSxF0p9AsCZ+n0iJb5Sie/qTp/AUP32JuJ/XicGr9JNeRDFwAI6vciLBYYQTyLBfS4ZBZFoIFRy/VZMh0QSCjq4QhbCyaldPjvBGRxZlU+wv0Jolkv2Uen46rhYrc3iyKMdtIcOkI1OURVdojpqIIpu0T16RE/GnfFgPBsv09acMZvZRj/KeP0AQsuX/Q==</latexit>

ẏ = LA y
<latexit sha1_base64="OqqJ5GSS/zT/D+6IGZ79A6ctgxk=">AAACAnicbZDLSgMxFIYzXmu9VV2Jm2ARXEiZ6YXWhVB148JFBXuBzjBk0kwbmrmQZIRhKG58FTcuFHHrU7jzbUyno3g7EPj4/3OSk98JGRVS19+1ufmFxaXl3Ep+dW19Y7Owtd0RQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWd8PvW7N4QLGvjXMg6J5aGhT12KkVSSXdg1B4GEMTyBpofkCCMGL+1TaB7FdqGol/S04F8wMiiCrFp24U3dhSOP+BIzJETf0ENpJYhLihmZ5M1IkBDhMRqSvkIfeURYSfqFCTxQygC6AVfHlzBVv08kyBMi9hzVOd1T/Pam4n9eP5Juw0qoH0aS+Hj2kBsxKAM4zQMOKCdYslgBwpyqXSEeIY6wVKnl0xBqdaN8XIMpVPTGJxhfIXTKJaNSql5Vi82zLI4c2AP74BAYoA6a4AK0QBtgcAvuwSN40u60B+1Ze5m1zmnZzA74UdrrB+9Klgo=</latexit>

ẏ = LB y
<latexit sha1_base64="HXd+ztwc3FR8nduXVJZTNr8Vdwo=">AAACAnicbZDLSgMxFIYzXmu9jboSN8EiuJAy0wutC6HUjQsXFewF2jJk0kwbmrmQZIRhKG58FTcuFHHrU7jzbcxMR/F2IPDx/+ckJ78dMCqkYbxrC4tLyyurubX8+sbm1ra+s9sRfsgxaWOf+bxnI0EY9UhbUslIL+AEuTYjXXt6nvjdG8IF9b1rGQVk6KKxRx2KkVSSpe8PRr6EETyDAxfJCUYMXlpNODiJLL1gFI204F8wMyiArFqW/qbuwqFLPIkZEqJvGoEcxohLihmZ5QehIAHCUzQmfYUecokYxukXZvBIKSPo+FwdT8JU/T4RI1eIyLVVZ7Kn+O0l4n9eP5ROfRhTLwgl8fD8ISdkUPowyQOOKCdYskgBwpyqXSGeII6wVKnl0xCqNbN0WoUplI36J5hfIXRKRbNcrFxVCo1mFkcOHIBDcAxMUAMNcAFaoA0wuAX34BE8aXfag/asvcxbF7RsZg/8KO31A/DSlgs=</latexit>

q̇ = p
<latexit sha1_base64="aMJOcknLq3ryu8Y4Ivpu0OWFTwo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZk+aF0IRTcuK9gHtkPJpJk2NJMZk4xQSv/CjQtF3Po37vwb0+kovg4EDufcw705XsSZ0rb9bi0tr6yurWc2sptb2zu7ub39lgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98cXcb99RqVgorvUkom6Ah4L5jGBtpJveINToFp2hqJ/L2wU7AfpLnJTkIUWjn3szYRIHVGjCsVJdx460O8VSM8LpLNuLFY0wGeMh7RoqcECVO00unqFjowyQH0rzhEaJ+j0xxYFSk8AzkwHWI/Xbm4v/ed1Y+zV3ykQUayrIYpEfc6RDNP8+GjBJieYTQzCRzNyKyAhLTLQpKZuUUKk6xdMKSkjJrn0S56uEVrHglArlq3K+fp7WkYFDOIITcKAKdbiEBjSBgIB7eIQnS1kP1rP1shhdstLMAfyA9foBaYmQSA==</latexit>

ṗ = �rU(q)
<latexit sha1_base64="qLDqGr/GVn9+xj1o0UN9uHge7Rg=">AAAB/3icbZDLSgMxGIUz9VbrbVRw4yZYhLqwzPRC60IounFZwWkLbSmZNNOGZjJjkhFK7cJXceNCEbe+hjvfxnQ6ircDgY/zX/Jz3JBRqSzr3UgtLC4tr6RXM2vrG5tb5vZOQwaRwMTBAQtEy0WSMMqJo6hipBUKgnyXkaY7Op/VmzdESBrwKzUOSddHA049ipHSVs/c6/QDBUN4Co9hhyOXIejkro96ZtbKW7HgX7ATyIJE9Z75phfhyCdcYYakbNtWqLoTJBTFjEwznUiSEOERGpC2Ro58IruT+P4pPNROH3qB0I8rGLvfJybIl3Lsu7rTR2oof9dm5n+1dqS8andCeRgpwvH8Iy9iUAVwFgbsU0GwYmMNCAuqb4V4iATCSkeWiUMoV+zCSRnGULSqn2B/hdAo5O1ivnRZytbOkjjSYB8cgBywQQXUwAWoAwdgcAvuwSN4Mu6MB+PZeJm3poxkZhf8kPH6AQdglF4=</latexit>

ṗ = 0
<latexit sha1_base64="WfnOFqyrylp9+oW3fPW6LR3LLY4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsz0QetCKLpxWcE+sB1KJs20oZnMkGSEMvQv3LhQxK1/486/MZ1W8XUgcDjnHu7N8SLOlLbtdyuzsrq2vpHdzG1t7+zu5fcP2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJpdzv3NHpWKhuNHTiLoBHgnmM4K1kW77w1CjCJ0je5Av2EU7BfpLnCUpwBLNQf7NhEkcUKEJx0r1HDvSboKlZoTTWa4fKxphMsEj2jNU4IAqN0kvnqETowyRH0rzhEap+j2R4ECpaeCZyQDrsfrtzcX/vF6s/bqbMBHFmgqyWOTHHOkQzb+PhkxSovnUEEwkM7ciMsYSE21KyqUlVGtO6ayKUlK265/E+SqhXSo65WLlulJoXCzryMIRHMMpOFCDBlxBE1pAQMA9PMKTpawH69l6WYxmrGXmEH7Aev0ABwGQBw==</latexit>

q̇ = 0
<latexit sha1_base64="8YXfJWRYlS4HQW94v3cZUJzlnx4=">AAAB8XicbVDLSgMxFM34rPVVdekmWARXZaYPWhdC0Y3LCvaB7VAyaaYNzWTG5I5QSv/CjQtF3Po37vwb0+kovg4EDufcw705XiS4Btt+t5aWV1bX1jMb2c2t7Z3d3N5+S4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vpj77TumNA/lNUwi5gZkKLnPKQEj3fQGIeBbfIbtfi5vF+wE+C9xUpJHKRr93JsJ0zhgEqggWncdOwJ3ShRwKtgs24s1iwgdkyHrGipJwLQ7TS6e4WOjDLAfKvMk4ET9npiSQOtJ4JnJgMBI//bm4n9eNwa/5k65jGJgki4W+bHAEOL59/GAK0ZBTAwhVHFzK6YjoggFU1I2KaFSdYqnFZyQkl37JM5XCa1iwSkVylflfP08rSODDtEROkEOqqI6ukQN1EQUSXSPHtGTpa0H69l6WYwuWWnmAP2A9foBCImQCA==</latexit>

Solutions are trivial!



Example!

q̇ = p
<latexit sha1_base64="aMJOcknLq3ryu8Y4Ivpu0OWFTwo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZk+aF0IRTcuK9gHtkPJpJk2NJMZk4xQSv/CjQtF3Po37vwb0+kovg4EDufcw705XsSZ0rb9bi0tr6yurWc2sptb2zu7ub39lgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98cXcb99RqVgorvUkom6Ah4L5jGBtpJveINToFp2hqJ/L2wU7AfpLnJTkIUWjn3szYRIHVGjCsVJdx460O8VSM8LpLNuLFY0wGeMh7RoqcECVO00unqFjowyQH0rzhEaJ+j0xxYFSk8AzkwHWI/Xbm4v/ed1Y+zV3ykQUayrIYpEfc6RDNP8+GjBJieYTQzCRzNyKyAhLTLQpKZuUUKk6xdMKSkjJrn0S56uEVrHglArlq3K+fp7WkYFDOIITcKAKdbiEBjSBgIB7eIQnS1kP1rP1shhdstLMAfyA9foBaYmQSA==</latexit>

ṗ = �rU(q)
<latexit sha1_base64="qLDqGr/GVn9+xj1o0UN9uHge7Rg=">AAAB/3icbZDLSgMxGIUz9VbrbVRw4yZYhLqwzPRC60IounFZwWkLbSmZNNOGZjJjkhFK7cJXceNCEbe+hjvfxnQ6ircDgY/zX/Jz3JBRqSzr3UgtLC4tr6RXM2vrG5tb5vZOQwaRwMTBAQtEy0WSMMqJo6hipBUKgnyXkaY7Op/VmzdESBrwKzUOSddHA049ipHSVs/c6/QDBUN4Co9hhyOXIejkro96ZtbKW7HgX7ATyIJE9Z75phfhyCdcYYakbNtWqLoTJBTFjEwznUiSEOERGpC2Ro58IruT+P4pPNROH3qB0I8rGLvfJybIl3Lsu7rTR2oof9dm5n+1dqS8andCeRgpwvH8Iy9iUAVwFgbsU0GwYmMNCAuqb4V4iATCSkeWiUMoV+zCSRnGULSqn2B/hdAo5O1ivnRZytbOkjjSYB8cgBywQQXUwAWoAwdgcAvuwSN4Mu6MB+PZeJm3poxkZhf8kPH6AQdglF4=</latexit>

ṗ = 0
<latexit sha1_base64="WfnOFqyrylp9+oW3fPW6LR3LLY4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsz0QetCKLpxWcE+sB1KJs20oZnMkGSEMvQv3LhQxK1/486/MZ1W8XUgcDjnHu7N8SLOlLbtdyuzsrq2vpHdzG1t7+zu5fcP2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJpdzv3NHpWKhuNHTiLoBHgnmM4K1kW77w1CjCJ0je5Av2EU7BfpLnCUpwBLNQf7NhEkcUKEJx0r1HDvSboKlZoTTWa4fKxphMsEj2jNU4IAqN0kvnqETowyRH0rzhEap+j2R4ECpaeCZyQDrsfrtzcX/vF6s/bqbMBHFmgqyWOTHHOkQzb+PhkxSovnUEEwkM7ciMsYSE21KyqUlVGtO6ayKUlK265/E+SqhXSo65WLlulJoXCzryMIRHMMpOFCDBlxBE1pAQMA9PMKTpawH69l6WYxmrGXmEH7Aev0ABwGQBw==</latexit>

q̇ = 0
<latexit sha1_base64="8YXfJWRYlS4HQW94v3cZUJzlnx4=">AAAB8XicbVDLSgMxFM34rPVVdekmWARXZaYPWhdC0Y3LCvaB7VAyaaYNzWTG5I5QSv/CjQtF3Po37vwb0+kovg4EDufcw705XiS4Btt+t5aWV1bX1jMb2c2t7Z3d3N5+S4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vpj77TumNA/lNUwi5gZkKLnPKQEj3fQGIeBbfIbtfi5vF+wE+C9xUpJHKRr93JsJ0zhgEqggWncdOwJ3ShRwKtgs24s1iwgdkyHrGipJwLQ7TS6e4WOjDLAfKvMk4ET9npiSQOtJ4JnJgMBI//bm4n9eNwa/5k65jGJgki4W+bHAEOL59/GAK0ZBTAwhVHFzK6YjoggFU1I2KaFSdYqnFZyQkl37JM5XCa1iwSkVylflfP08rSODDtEROkEOqqI6ukQN1EQUSXSPHtGTpa0H69l6WYwuWWnmAP2A9foBCImQCA==</latexit>

'[H]
t

(y0) ⇡ '[B]
t

'[A]
t

(y0)
<latexit sha1_base64="J78sBbACUWkHPal3soHdX6jiiPE="></latexit>

Idea of a splitting scheme is:

'[A]
t (q0, p0) = (q0 + t · p0, p0)

<latexit sha1_base64="/VaLR//rGLWAQs96ykvtYbN/YeM="></latexit>

'[B]
t (q0, p0) = (q0, p0 � t ·rU(q))

<latexit sha1_base64="GsEx6cGEJESVQC9LpYIP7rIxyLI="></latexit>



Example!

exp (tLA) exp (tLB) = exp

✓
tLA + tLB +

1

2
t2 [LA,LB ] +O(t3)

◆

<latexit sha1_base64="jvH1LC4gP8d3RVji+d+W3wXP8Hw="></latexit>

Can show that 
[LA,LB ] = L{A,B}

<latexit sha1_base64="fswGTUNWlKpuE4NcfaOeOhZMn6s="></latexit>

H
0 = A+B +

1

2
t{A,B}+O(t2)

<latexit sha1_base64="cKGo5uwwigrwKqtf1JOl2+dbQEk="></latexit>

So, we’re solving the EoM for the following Hamiltonian exactly

BCH

'[A]
t (q0, p0) = (q0 + t · p0, p0)

<latexit sha1_base64="/VaLR//rGLWAQs96ykvtYbN/YeM="></latexit>

'[B]
t (q0, p0) = (q0, p0 � t ·rU(q))

<latexit sha1_base64="GsEx6cGEJESVQC9LpYIP7rIxyLI="></latexit>



Example!

H
0 =

1

2
p
2 + U(q) +

1

2
t

⇢
1

2
p
2
, U(q)

�
+O(t2)

= H �
t

2
prU(q) +O(t2)

<latexit sha1_base64="TdnV4CqK6vj3dFM047KHE2bS140="></latexit>

H
0 = A+B +

1

2
t{A,B}+O(t2)

<latexit sha1_base64="cKGo5uwwigrwKqtf1JOl2+dbQEk="></latexit>

We’re solving the EoM for the following Hamiltonian exactly

for our specific example: 

Works for small t, thus 
t ! dt

<latexit sha1_base64="9W9uQplJGnNlymAx0gdSC7UW6TU=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZPmjdFd24rGAf0A4lk0nb0MyD5E6lDP0nblwo4tZ/4s5/YzodxdeBwMc595LLcSPBFVjWu5FbW9/Y3MpvF3Z29/YPzMOjjgpjSVmbhiKUPZcoJnjA2sBBsF4kGfFdwbru9GqZd2dMKh4GtzCPmOOTccBHnBLQ1tA0AQ8kH0+ASBneYQ+GZtEqWanwX7AzKKJMraH5NvBCGvssACqIUn3bisBJiAROBVsUBrFiEaFTMmZ9jQHxmXKS9PIFPtOOh0eh1C8AnLrfNxLiKzX3XT3pE5io39nS/C/rxzBqOAkPohhYQFcfjWKBIcTLGrDHJaMg5hoIlVzfiumESEJBl1VIS6jV7fJFDadQsRqfYH+V0CmX7EqpelMtNi+zOvLoBJ2ic2SjOmqia9RCbUTRDN2jR/RkJMaD8Wy8rEZzRrZzjH7IeP0AghGTxQ==</latexit>

and repeat many times.



Order

'[A]
0.5t'

[B]
t '[A]

0.5t
<latexit sha1_base64="cDd/ssX6BNS7qEWPV2XTMJmG7uQ=">AAACJHicbVDLSsQwFE19O76qLt0EB8FVaXUGFTejblwqOCp0akkzqRMmfZDcDgylH+PGX3Hjwgcu3PgtZmoVXwcC555zLklOkAquwLZfjbHxicmp6ZnZ2tz8wuKSubxyrpJMUtamiUjkZUAUEzxmbeAg2GUqGYkCwS6C/tHIvxgwqXgSn8EwZV5ErmMeckpAS7653xkQmfa4n9tWE0NxlbsHXoE/VdDz4bf5R8o367Zll8B/iVOROqpw4ptPnW5Cs4jFQAVRynXsFLycSOBUsKLWyRRLCe2Ta+ZqGpOIKS8vP1ngDa10cZhIfWLApfp9IyeRUsMo0MmIQE/99kbif56bQbjr5TxOM2Ax/bgozASGBI8aw10uGQUx1IRQyfVbMe0RSSjoXmtlCc0dZ2uviUuybe9+EuerhPMty9m2GqeNeuuwqmMGraF1tIkctINa6BidoDai6AbdoQf0aNwa98az8fIRHTOqnVX0A8bbO4zEpPE=</latexit>

'[A]
↵t '

[B]
2↵t'

[A]
(0.5�↵)t'

[B]
(1�4↵)t'

[A]
(0.5�↵)t'

[B]
2↵t'

[A]
↵t

<latexit sha1_base64="+FSfBbeDCFYq6JhFo25L6wwjVXo="></latexit>

↵ = 0.675603 . . .
<latexit sha1_base64="2cJgXAKWaxfCyOygJsQDf0KkhxM=">AAACAXicbZDLSgMxGIUz9VbrbdSN4CZYBFfDTO8uhKIblxXsBTpDyWQybWjmQpIRSqkbX8WNC0Xc+hbufBvT6SjeDgQ+zvl/khw3ZlRI03zXckvLK6tr+fXCxubW9o6+u9cRUcIxaeOIRbznIkEYDUlbUslIL+YEBS4jXXd8Mc+7N4QLGoXXchITJ0DDkPoUI6msgX5gIxaPEDyDplGrV2tmGdrMi6QY6EXTMFPBv2BlUASZWgP9zfYinAQklJghIfqWGUtnirikmJFZwU4EiREeoyHpKwxRQIQzTX8wg8fK8aAfcXVCCVP3+8YUBUJMAldNBkiOxO9sbv6X9RPpN5wpDeNEkhAvLvITBmUE53VAj3KCJZsoQJhT9VaIR4gjLFVphbSEat0qnVZhCmWz8QnWVwmdkmGVjcpVpdg8z+rIg0NwBE6ABeqgCS5BC7QBBrfgHjyCJ+1Oe9CetZfFaE7LdvbBD2mvHy7xlP4=</latexit>

Standard second order leapfrog:

Fourth order leapfrog:

E ⇠ O(dt2)
<latexit sha1_base64="X7SzHulMFOfnLRw26swD1hPj4XA=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYhLopSS+07ooiuLOCvUATy2QyaYdOLsxMhBKy8VXcuFDErY/hzrcxSaN4+2Hg4z/ncM78VsCokJr2riwsLi2vrBbWiusbm1vb6s5uT/ghx6SLfebzgYUEYdQjXUklI4OAE+RajPSt6Vla798SLqjvXctZQEwXjT3qUIxkYo3U/XNDUBcaLpITjFh0GZdteVM9HqklraJlgn9Bz6EEcnVG6pth+zh0iScxQ0IMdS2QZoS4pJiRuGiEggQIT9GYDBP0kEuEGWUfiOFR4tjQ8XnyPAkz9/tEhFwhZq6VdKaHit+11PyvNgyl0zIj6gWhJB6eL3JCBqUP0zSgTTnBks0SQJjT5FaIJ4gjLJPMilkIjaZePWnADGpa6xP0rxB61Ypeq9Sv6qX2aR5HARyAQ1AGOmiCNrgAHdAFGMTgHjyCJ+VOeVCelZd564KSz+yBH1JePwDVD5Ya</latexit>

E ⇠ O(dt4)
<latexit sha1_base64="RMYSCZF8kt5HAO4teUP+jmb2j3s=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYhLopSS+07ooiuLOCvUATy2QyaYdOLsxMhBKy8VXcuFDErY/hzrcxSaN4+2Hg4z/ncM78VsCokJr2riwsLi2vrBbWiusbm1vb6s5uT/ghx6SLfebzgYUEYdQjXUklI4OAE+RajPSt6Vla798SLqjvXctZQEwXjT3qUIxkYo3U/XNDUBcaLpITjFh0GZdteVM/HqklraJlgn9Bz6EEcnVG6pth+zh0iScxQ0IMdS2QZoS4pJiRuGiEggQIT9GYDBP0kEuEGWUfiOFR4tjQ8XnyPAkz9/tEhFwhZq6VdKaHit+11PyvNgyl0zIj6gWhJB6eL3JCBqUP0zSgTTnBks0SQJjT5FaIJ4gjLJPMilkIjaZePWnADGpa6xP0rxB61Ypeq9Sv6qX2aR5HARyAQ1AGOmiCNrgAHdAFGMTgHjyCJ+VOeVCelZd564KSz+yBH1JePwDYGZYc</latexit>

E ⇠ O(dt)
<latexit sha1_base64="C08J/JFhfdLCFL7oKoDSmUEnrpI=">AAAB/nicbZBLS8NAFIUn9VXrKyqu3AwWoW5K0getu6II7qxgH9CEMplM26GTSZiZCCUU/CtuXCji1t/hzn9jkkbxdWDg45x7mctxAkalMox3Lbe0vLK6ll8vbGxube/ou3td6YcCkw72mS/6DpKEUU46iipG+oEgyHMY6TnT8yTv3RIhqc9v1CwgtofGnI4oRiq2hvrBhSWpBy0PqQlGLLqal1x1MtSLRtlIBf+CmUERZGoP9TfL9XHoEa4wQ1IOTCNQdoSEopiRecEKJQkQnqIxGcTIkUekHaXnz+Fx7Lhw5Iv4cQVT9/tGhDwpZ54TTyZnyt9ZYv6XDUI1atoR5UGoCMeLj0Yhg8qHSRfQpYJgxWYxICxofCvEEyQQVnFjhbSEesOsnNZhClWj+QnmVwndStmslmvXtWLrLKsjDw7BESgBEzRAC1yCNugADCJwDx7Bk3anPWjP2stiNKdlO/vgh7TXD6BslXY=</latexit>

'[A]
t '[B]

t
<latexit sha1_base64="YAhpFfSaHkhNG0TPiW9/HVOSNR0=">AAACCnicbZDLTgIxFIY7eEO8oS7dVImJKzLDJeAOceMSEwETGEmnFGnoXNKeISGTWbvxVdy40Bi3PoE738YygPH2J02+/uecnPZ3AsEVmOaHkVpaXlldS69nNja3tneyu3st5YeSsib1hS+vHaKY4B5rAgfBrgPJiOsI1nZG59N6e8yk4r53BZOA2S659fiAUwLa6mUPu2MigyHvRRDfRJ0zO8YLB/S9bse9bM7Mm4nwX7DmkENzNXrZ927fp6HLPKCCKNWxzADsiEjgVLA40w0VCwgdkVvW0egRlyk7Sr4S42Pt9PHAl/p4gBP3+0REXKUmrqM7XQJD9bs2Nf+rdUIYVO2Ie0EIzKOzRYNQYPDxNBfc55JREBMNhEqu34rpkEhCQaeXSUIoV6zCaRknUDSrC7C+QmgV8lYxX7os5Wr1eRxpdICO0AmyUAXV0AVqoCai6A49oCf0bNwbj8aL8TprTRnzmX30Q8bbJzKNm2c=</latexit>

First order scheme
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N-body Hamiltonian

kinetic term
potential term



Leap frog integrator

kinetic term
potential term

A B

Both solutions are trivial again!

'[A]
t (y0) = (q0 + t · p0, p0)

<latexit sha1_base64="qCXmT4qGbSfLqkzSab4ScU9DdMo="></latexit>

'[B]
t (y0) = (q0, p0 � t ·rU(q))

<latexit sha1_base64="Gt8sRLw/bYz9en4YfhrSYFtNsGM="></latexit>



Wisdom-Holman integrator

A

B

H = A+B
<latexit sha1_base64="b2C0T1hdaTa2vUObpKHHwqbvhEM=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0M1gEQShJL7QuhFo3XVawF2hDmUwn7dDJJMxMhBL6EG5cKOLW53Hn25imUbz9MPDxn3M4Z34n4Exp03w3VlbX1jc2M1vZ7Z3dvf3cwWFH+aEktE187suegxXlTNC2ZprTXiAp9hxOu870elHv3lGpmC9u9SygtofHgrmMYB1b3Sa6RFfnjWEubxbMROgvWCnkIVVrmHsbjHwSelRowrFSfcsMtB1hqRnhdJ4dhIoGmEzxmPZjFNijyo6Sc+foNHZGyPVl/IRGift9IsKeUjPPiTs9rCfqd21h/lfrh9qt2RETQaipIMtFbsiR9tHi72jEJCWaz2LARLL4VkQmWGKi44SySQiVqlW8qKAESmbtE6yvEDrFglUqlG/K+XojjSMDx3ACZ2BBFerQhBa0gcAU7uERnozAeDCejZdl64qRzhzBDxmvH2Okjnw=</latexit>

Solution for B is still trivial. 

Solution for A is more complicated. We need a “Kepler solver”.

Dominant part of motion 

Perturbation



Kepler Solver (WHFast) 



Embedded Operator Splitting Method (EOS)

H = A+B
<latexit sha1_base64="b2C0T1hdaTa2vUObpKHHwqbvhEM=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0M1gEQShJL7QuhFo3XVawF2hDmUwn7dDJJMxMhBL6EG5cKOLW53Hn25imUbz9MPDxn3M4Z34n4Exp03w3VlbX1jc2M1vZ7Z3dvf3cwWFH+aEktE187suegxXlTNC2ZprTXiAp9hxOu870elHv3lGpmC9u9SygtofHgrmMYB1b3Sa6RFfnjWEubxbMROgvWCnkIVVrmHsbjHwSelRowrFSfcsMtB1hqRnhdJ4dhIoGmEzxmPZjFNijyo6Sc+foNHZGyPVl/IRGift9IsKeUjPPiTs9rCfqd21h/lfrh9qt2RETQaipIMtFbsiR9tHi72jEJCWaz2LARLL4VkQmWGKi44SySQiVqlW8qKAESmbtE6yvEDrFglUqlG/K+XojjSMDx3ACZ2BBFerQhBa0gcAU7uERnozAeDCejZdl64qRzhzBDxmvH2Okjnw=</latexit>

A1 A2

A = A1 +A2
<latexit sha1_base64="SmqqsRJBntufaYSyCfGaY7lKzWA=">AAAB9HicbZDJSgNBEIZr4hbjFvXopTEIghBmspB4EBK9eIxgFkiG0NPpJE16Frt7AmHIc3jxoIhXH8abb2NnMopbQTcf/19FFb8TcCaVab4bqZXVtfWN9GZma3tndy+7f9CSfigIbRKf+6LjYEk582hTMcVpJxAUuw6nbWdytfDbUyok871bNQuo7eKRx4aMYKUlu44uUL1voTP9F/rZnJk340J/wUogB0k1+tm33sAnoUs9RTiWsmuZgbIjLBQjnM4zvVDSAJMJHtGuRg+7VNpRfPQcnWhlgIa+0M9TKFa/T0TYlXLmOrrTxWosf3sL8T+vG6ph1Y6YF4SKemS5aBhypHy0SAANmKBE8ZkGTATTtyIyxgITpXPKxCGUK1bhvIxiKJrVT7C+QmgV8lYxX7op5WqXSRxpOIJjOAULKlCDa2hAEwjcwT08wpMxNR6MZ+Nl2ZoykplD+FHG6wdYZJAR</latexit>

A

Rein 2020

B

'[A]
t ⇡ '[A1]

t '[A2]
t

<latexit sha1_base64="DjEprW4YDG1HvoH3vmmqxvnGeKc="></latexit>



Example EOS Implementation in Python

Rein 2020

B

A1

A2

Ideal for GPUs!



A lot of choice

Full Hamiltonian H

A B1st splitting 

2nd splitting A1 A2

At each splitting, can choose:
 - How to split Hamiltonian into two parts
 - Which splitting method to use 
 - Timestep



Embedded Operator Splitting Method (EOS)

Rein 2020

'[A]
t ⇡ '[A1]

t '[A2]
t

<latexit sha1_base64="DjEprW4YDG1HvoH3vmmqxvnGeKc="></latexit>

First order method:

But can also choose any arbitrary operator splitting method:

'[A]
t ⇡

⇣
'[A1]
t/n '[A2]

t/n

⌘n

<latexit sha1_base64="vvtEqNBkGGbjgpEZKbPEA3rpUgw="></latexit>

'[A]
t ⇡ '[A1]

0.5t'
[A2]
t '[A1]

0.5t
<latexit sha1_base64="4FRgRxG2YPP6gilBCMol7uOXR0c="></latexit>

'[A]
t ⇡ '[Aa]

↵t '[A2]
2↵t '

[A1]
(0.5�↵)t'

[A2]
(1�4↵)t'

[A1]
(0.5�↵)t'

[A2]
2↵t '

[A1]
↵t

<latexit sha1_base64="Od/c4DF58lOif4ZBLK/TxVxL34I="></latexit>

Alternatively, reduce timestep in embedded method:



Splitting methods



EOS methods are extremely flexible

splitting into T + U leap frog, 
higher order leap frog

splitting into Keplerian 
motion + perturbations

Wisdom Holman integrator, 
higher order generalizations

splitting into near and far 
interactions

Hybrid symplectic 
integrators, Mercury

splitting into many different 
“shells” SYMBA



Example: complicated hierarchical systems

B
A1

A2
planet-planet interactions 
(kick)

kinetic term (drift)

planet-star and star-
star interactions (kick)



Demo



Conclusions 

Embedded Operator Splitting methods (EOS) are very easy to 
implement as they do not require a Kepler solver. An EOS 
method can be configured to be equivalent to: leap-frog, 
Wisdom-Holman, Mercury, SYMBA, and many new methods.

Workhorse for numerical N-body simulations are operator 
splitting methods, especially the Wisdom-Holman integrator.

Determining the stability of planetary systems is a very old 
problem. Analytic solution cannot answer all question.

Our new machine-learning classifier SPOCK can accurately 
predict the stability of compact planetary systems over billions 
of years in seconds (105 times faster than direct N-body).


