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Talk Outline

The History of the  
N-body problem

Laskar (Lagrange et la stabilité du Systéme solaire, 2006), Laskar (2013)
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Newton (Opticks 1717,1730) 

And to show that I do not take Gravity for an essential Property of 
Bodies, I have added one Question concerning its Cause, chosing to 
propose it by way of a Question, because I am not yet satisfied about 
it for want of Experiments. […]

For while comets move in very excentrick orbs in all manner of 
positions, blind fate could never make all the planets move one and 
the same way in orbs concentrick, some inconsiderable irregularities 
excepted, which may have risen from the mutual actions of comets 
and planets upon one another, and which will be apt to increase, till 
this system wants a reformation. 



Evidence for irregularity/instability

Six million years ago 
Jupiter and Saturn were at 
the same distance from the 
Sun.

On March 1st, 228 BC, at 
4:23 am, mean Paris time, 
Saturn was observed two 
fingers under Gamma in 
Virgo.

Observations from 1590 
and 1650.
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Ptolemy



Explanations for the irregularities?

Euler was twice awarded a prize in 1748 and 1752 related to this 
problem by the Paris Academy of Sciences.

Lagrange thought that Euler’s calculations were wrong and did his 
own.



Laplace (1776) 

Mr. Euler, in his second piece on the irregularities of Jupiter and 
Saturn, find it equal for both these planets. According to Mr. de 
Lagrange, on the contrary, the third volume of Mémoires de Turin, it is 
very different for these two bodies. […] I have some reasons to 
believe, however, that the formula is still not accurate. The one which I 
obtain is quite different. […] by substituting these values in the formula 
of the secular equation, I found absolutely zero, from which I conclude 
the alteration of the mean motion of Jupiter, if it exists, does not result 
from the action of Saturn. 



Lagrange (in a letter to d’Alembert, 1775) 

I am ready to give a complete theory for the variations of the elements 
of the planets under their mutual action. That Mr. de la Place did on 
this subject I liked, and I flatter myself that he will not be offended if I 
do not hold the kind of promise that I made to completely abandon this 
subject to him; I could not resist to the desire to look into it again, but I 
am no less charmed that he is also working on it on his side; I am 
even very eager to read his subsequent research on this topic, but I 
do ask him not to send me any manuscript and send them to me only 
in printed form; I would be obliged that you tell him, with a thousand 
compliments from my side. 



Secular Dynamics, Lagrange (1774) 

Lagrange Brown & Rein 
(in prep)

s1 5.98 5.59

s2 6.31 7.05

s3 19.80 18.84

s4 18.31 17.74

s5 0 0

s6 25.34 26.35

s7 - 2.99

s8 - 0.69

1) Averaging over short time scales.

2) Perturbation theory.

No semi-major axis changes to first 
and also second order (Poisson, 
Haretu and Poincaré) in the 
expansion. 

This still contradicts Ptolemy's 
observations from antiquity.



Laplace (1785)

Simple energy argument implies:

mJ

aJ
+

mS

aS
= const

Thus, can be confident that the change in orbits must be due to 
mutual interactions. 

He’s also shown, no secular terms. Hence must be short period.

Near 5:2 mean motion resonance. Period of 900 years.

Why is 900 years important?



Talk Outline

Stability



Poincaré (1897)

Those who are interested in the progress of celestial mechanics, […] 
must feel some astonishment at seeing how many times the stability 
of the Solar System has been demonstrated. 
Lagrange established it first, Poisson has demonstrated it again, other 
demonstrations came afterwards, others will come again. Were the 
old demonstrations insufficient, or are the new ones unnecessary? 
The astonishment of those people would probably double, if they 
would be told that perhaps one day a mathematician will demonstrate, 
by a rigorous reasoning, that the planetary system is unstable. 



Le Verrier (1840, 1841)

Follows up on the work of Lagrange and Laplace

Goes to higher order.

Discovered small divisor problem: third order could be larger than 
second order terms



Poincaré

The terms of these series, in fact, decrease first very quickly and then 
begin to grow, but as the Astronomers’s stop after the first terms of the 
series, and well before these terms have stop to decrease, the 
approximation is sufficient for the practical use. The divergence of 
these expansions would have some disadvantages only if one wanted 
to use them to rigorously establish some specific results, as the 
stability of the Solar System. 



Kolmogorov (1954), Arnold (1963), Moser (1962)

Kolmogorov showed that convergent perturbation series exists

Skipping many subtleties (degeneracy, small masses, slow Arnold 
diffusion)

In short: not useful for determining the stability of our Solar System 
with a very specific set of initial conditions



Talk Outline

Operator splitting methods
Fundamentals

Rein, Brown & Tamayo (2019), Rein, Tamayo & Brown (2019)



Fundamentals

Poisson Bracket of two functions f, g of the canonical coordinates q, p.

Allows us to write Hamilton’s equations as

Allows us to write the time derivate of any function of q and p as



Fundamentals

Introduce
y(t) = (q1(t), . . . , qN (t), p1(t), . . . , pN (t))

ẏ(t) = {y,H}

LH = {·, H}

The differential equation for the N-body problem is then

'[H]
t

(y0)

A bit more notations. Lie derivative:

Define a solution operator:

Notation roughly follows Hairer, Lubich & Wanner 2006



Fundamentals

A formal way to write down the solution operator

'[H]
t

(y0) = exp (tLH) Id(y0)

=

✓
Id + tLHId +

1

2
t2LHLHId + . . .

◆
(y0)

Only a formal solution!

Notation roughly follows Hairer, Lubich & Wanner 2006

ẏ(t) = LH y(t)
<latexit sha1_base64="Sa5UGuW+xgrXU+bRS87XjU1w278=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIFaTM9ELrQii66cJFBXuBtpRMmrahmQvJGaGULt34Km5cKOLWR3Dn25iZVvF2IPDx/+ckJ78TCK7Ast6NhcWl5ZXVxFpyfWNza9vc2a0rP5SU1agvfNl0iGKCe6wGHARrBpIR1xGs4YwuIr9xw6TivncN44B1XDLweJ9TAlrqmgftng94nIZjfIbbLoEhJQJfdiu4fRKpXTNlZay48F+w55BC86p2zTd9Iw1d5gEVRKmWbQXQmRAJnAo2TbZDxQJCR2TAWho94jLVmcQfmeIjrfRw35f6eIBj9fvEhLhKjV1Hd0arqt9eJP7ntULolzoT7gUhMI/OHuqHAoOPo1Rwj0tGQYw1ECq53hXTIZGEgs4uGYdQKNrZ0wKOIWeVPsH+CqGezdi5TP4qnyqfz+NIoH10iNLIRkVURhVURTVE0S26R4/oybgzHoxn42XWumDMZ/bQjzJePwBgSZfX</latexit>

The differential equation we’re trying to solve



Fundamentals

Splitting method

ẏ = LH(y)

ẏ = (LA + LB) (y) = LA(y) + LB(y).

H = A+B

ẏ = LA(y) and ẏ = LB(y).
We can now consider two differential equations



Example!

Let’s split the Hamiltonian:

H =
1

2
p
2 + U(q)

A =
1

2
p2 B = U(q)

y(t) = (q(t), p(t))

ẏ = {y,A}
<latexit sha1_base64="AAmy81EYeRlG/Y17xAMqlDhHRGo=">AAACBXicbZDLSgMxFIYz3q23qktdBIvgQspML7QuBC8blwq2FjpDyaSZNjRzITkjDEM3bnwVNy4Uces7uPNtTMdRvB0IfPz/OSfJ70aCKzDNN2NqemZ2bn5hsbC0vLK6VlzfaKswlpS1aChC2XGJYoIHrAUcBOtEkhHfFezKHZ1O/KtrJhUPg0tIIub4ZBBwj1MCWuoVt+1+CDjBh9gWzAM7TfaPsS35YAj2uFcsmWUzK/wXrBxKKK/zXvFVr6OxzwKggijVtcwInJRI4FSwccGOFYsIHZEB62oMiM+Uk2a/GONdrfSxF0p9AsCZ+n0iJb5Sie/qTp/AUP32JuJ/XjcGr+mkPIhiYAH9uMiLBYYQTyLBfS4ZBZFoIFRy/VZMh0QSCjq4QhZCvWFVDuo4g6rZ/ATrK4R2pWxVy7WLWunoJI9jAW2hHbSHLNRAR+gMnaMWougG3aEH9GjcGvfGk/H80Tpl5DOb6EcZL+9BPpf8</latexit>

ẏ = {y,B}
<latexit sha1_base64="soiJMkh+PJlsRPCXthZ5yDxFJZk=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcCFlpirWhVDqxmUFe4FOKZk004ZmLiRnhGHoxo2v4saFIm59B3e+jem0ircDgY//P+ck+d1IcAWW9W7k5uYXFpfyy4WV1bX1DXNzq6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qY+K0bJhUPg2tIItb1ySDgHqcEtNQzd51+CDjB59gRzAMnTQ5r2JF8MARn3DOLVsnKCv8FewZFNKt6z3zT62jsswCoIEp1bCuCbkokcCrYuODEikWEjsiAdTQGxGeqm2a/GON9rfSxF0p9AsCZ+n0iJb5Sie/qTp/AUP32JuJ/XicGr9JNeRDFwAI6vciLBYYQTyLBfS4ZBZFoIFRy/VZMh0QSCjq4QhbCyaldPjvBGRxZlU+wv0Jolkv2Uen46rhYrc3iyKMdtIcOkI1OURVdojpqIIpu0T16RE/GnfFgPBsv09acMZvZRj/KeP0AQsuX/Q==</latexit>

ẏ = LA y
<latexit sha1_base64="OqqJ5GSS/zT/D+6IGZ79A6ctgxk=">AAACAnicbZDLSgMxFIYzXmu9VV2Jm2ARXEiZ6YXWhVB148JFBXuBzjBk0kwbmrmQZIRhKG58FTcuFHHrU7jzbUyno3g7EPj4/3OSk98JGRVS19+1ufmFxaXl3Ep+dW19Y7Owtd0RQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWd8PvW7N4QLGvjXMg6J5aGhT12KkVSSXdg1B4GEMTyBpofkCCMGL+1TaB7FdqGol/S04F8wMiiCrFp24U3dhSOP+BIzJETf0ENpJYhLihmZ5M1IkBDhMRqSvkIfeURYSfqFCTxQygC6AVfHlzBVv08kyBMi9hzVOd1T/Pam4n9eP5Juw0qoH0aS+Hj2kBsxKAM4zQMOKCdYslgBwpyqXSEeIY6wVKnl0xBqdaN8XIMpVPTGJxhfIXTKJaNSql5Vi82zLI4c2AP74BAYoA6a4AK0QBtgcAvuwSN40u60B+1Ze5m1zmnZzA74UdrrB+9Klgo=</latexit>

ẏ = LB y
<latexit sha1_base64="HXd+ztwc3FR8nduXVJZTNr8Vdwo=">AAACAnicbZDLSgMxFIYzXmu9jboSN8EiuJAy0wutC6HUjQsXFewF2jJk0kwbmrmQZIRhKG58FTcuFHHrU7jzbcxMR/F2IPDx/+ckJ78dMCqkYbxrC4tLyyurubX8+sbm1ra+s9sRfsgxaWOf+bxnI0EY9UhbUslIL+AEuTYjXXt6nvjdG8IF9b1rGQVk6KKxRx2KkVSSpe8PRr6EETyDAxfJCUYMXlpNODiJLL1gFI204F8wMyiArFqW/qbuwqFLPIkZEqJvGoEcxohLihmZ5QehIAHCUzQmfYUecokYxukXZvBIKSPo+FwdT8JU/T4RI1eIyLVVZ7Kn+O0l4n9eP5ROfRhTLwgl8fD8ISdkUPowyQOOKCdYskgBwpyqXSGeII6wVKnl0xCqNbN0WoUplI36J5hfIXRKRbNcrFxVCo1mFkcOHIBDcAxMUAMNcAFaoA0wuAX34BE8aXfag/asvcxbF7RsZg/8KO31A/DSlgs=</latexit>

q̇ = p
<latexit sha1_base64="aMJOcknLq3ryu8Y4Ivpu0OWFTwo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZk+aF0IRTcuK9gHtkPJpJk2NJMZk4xQSv/CjQtF3Po37vwb0+kovg4EDufcw705XsSZ0rb9bi0tr6yurWc2sptb2zu7ub39lgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98cXcb99RqVgorvUkom6Ah4L5jGBtpJveINToFp2hqJ/L2wU7AfpLnJTkIUWjn3szYRIHVGjCsVJdx460O8VSM8LpLNuLFY0wGeMh7RoqcECVO00unqFjowyQH0rzhEaJ+j0xxYFSk8AzkwHWI/Xbm4v/ed1Y+zV3ykQUayrIYpEfc6RDNP8+GjBJieYTQzCRzNyKyAhLTLQpKZuUUKk6xdMKSkjJrn0S56uEVrHglArlq3K+fp7WkYFDOIITcKAKdbiEBjSBgIB7eIQnS1kP1rP1shhdstLMAfyA9foBaYmQSA==</latexit>

ṗ = �rU(q)
<latexit sha1_base64="qLDqGr/GVn9+xj1o0UN9uHge7Rg=">AAAB/3icbZDLSgMxGIUz9VbrbVRw4yZYhLqwzPRC60IounFZwWkLbSmZNNOGZjJjkhFK7cJXceNCEbe+hjvfxnQ6ircDgY/zX/Jz3JBRqSzr3UgtLC4tr6RXM2vrG5tb5vZOQwaRwMTBAQtEy0WSMMqJo6hipBUKgnyXkaY7Op/VmzdESBrwKzUOSddHA049ipHSVs/c6/QDBUN4Co9hhyOXIejkro96ZtbKW7HgX7ATyIJE9Z75phfhyCdcYYakbNtWqLoTJBTFjEwznUiSEOERGpC2Ro58IruT+P4pPNROH3qB0I8rGLvfJybIl3Lsu7rTR2oof9dm5n+1dqS8andCeRgpwvH8Iy9iUAVwFgbsU0GwYmMNCAuqb4V4iATCSkeWiUMoV+zCSRnGULSqn2B/hdAo5O1ivnRZytbOkjjSYB8cgBywQQXUwAWoAwdgcAvuwSN4Mu6MB+PZeJm3poxkZhf8kPH6AQdglF4=</latexit>

ṗ = 0
<latexit sha1_base64="WfnOFqyrylp9+oW3fPW6LR3LLY4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsz0QetCKLpxWcE+sB1KJs20oZnMkGSEMvQv3LhQxK1/486/MZ1W8XUgcDjnHu7N8SLOlLbtdyuzsrq2vpHdzG1t7+zu5fcP2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJpdzv3NHpWKhuNHTiLoBHgnmM4K1kW77w1CjCJ0je5Av2EU7BfpLnCUpwBLNQf7NhEkcUKEJx0r1HDvSboKlZoTTWa4fKxphMsEj2jNU4IAqN0kvnqETowyRH0rzhEap+j2R4ECpaeCZyQDrsfrtzcX/vF6s/bqbMBHFmgqyWOTHHOkQzb+PhkxSovnUEEwkM7ciMsYSE21KyqUlVGtO6ayKUlK265/E+SqhXSo65WLlulJoXCzryMIRHMMpOFCDBlxBE1pAQMA9PMKTpawH69l6WYxmrGXmEH7Aev0ABwGQBw==</latexit>

q̇ = 0
<latexit sha1_base64="8YXfJWRYlS4HQW94v3cZUJzlnx4=">AAAB8XicbVDLSgMxFM34rPVVdekmWARXZaYPWhdC0Y3LCvaB7VAyaaYNzWTG5I5QSv/CjQtF3Po37vwb0+kovg4EDufcw705XiS4Btt+t5aWV1bX1jMb2c2t7Z3d3N5+S4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vpj77TumNA/lNUwi5gZkKLnPKQEj3fQGIeBbfIbtfi5vF+wE+C9xUpJHKRr93JsJ0zhgEqggWncdOwJ3ShRwKtgs24s1iwgdkyHrGipJwLQ7TS6e4WOjDLAfKvMk4ET9npiSQOtJ4JnJgMBI//bm4n9eNwa/5k65jGJgki4W+bHAEOL59/GAK0ZBTAwhVHFzK6YjoggFU1I2KaFSdYqnFZyQkl37JM5XCa1iwSkVylflfP08rSODDtEROkEOqqI6ukQN1EQUSXSPHtGTpa0H69l6WYwuWWnmAP2A9foBCImQCA==</latexit>

Solutions are trivial!



Example!

q̇ = p
<latexit sha1_base64="aMJOcknLq3ryu8Y4Ivpu0OWFTwo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZk+aF0IRTcuK9gHtkPJpJk2NJMZk4xQSv/CjQtF3Po37vwb0+kovg4EDufcw705XsSZ0rb9bi0tr6yurWc2sptb2zu7ub39lgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98cXcb99RqVgorvUkom6Ah4L5jGBtpJveINToFp2hqJ/L2wU7AfpLnJTkIUWjn3szYRIHVGjCsVJdx460O8VSM8LpLNuLFY0wGeMh7RoqcECVO00unqFjowyQH0rzhEaJ+j0xxYFSk8AzkwHWI/Xbm4v/ed1Y+zV3ykQUayrIYpEfc6RDNP8+GjBJieYTQzCRzNyKyAhLTLQpKZuUUKk6xdMKSkjJrn0S56uEVrHglArlq3K+fp7WkYFDOIITcKAKdbiEBjSBgIB7eIQnS1kP1rP1shhdstLMAfyA9foBaYmQSA==</latexit>

ṗ = �rU(q)
<latexit sha1_base64="qLDqGr/GVn9+xj1o0UN9uHge7Rg=">AAAB/3icbZDLSgMxGIUz9VbrbVRw4yZYhLqwzPRC60IounFZwWkLbSmZNNOGZjJjkhFK7cJXceNCEbe+hjvfxnQ6ircDgY/zX/Jz3JBRqSzr3UgtLC4tr6RXM2vrG5tb5vZOQwaRwMTBAQtEy0WSMMqJo6hipBUKgnyXkaY7Op/VmzdESBrwKzUOSddHA049ipHSVs/c6/QDBUN4Co9hhyOXIejkro96ZtbKW7HgX7ATyIJE9Z75phfhyCdcYYakbNtWqLoTJBTFjEwznUiSEOERGpC2Ro58IruT+P4pPNROH3qB0I8rGLvfJybIl3Lsu7rTR2oof9dm5n+1dqS8andCeRgpwvH8Iy9iUAVwFgbsU0GwYmMNCAuqb4V4iATCSkeWiUMoV+zCSRnGULSqn2B/hdAo5O1ivnRZytbOkjjSYB8cgBywQQXUwAWoAwdgcAvuwSN4Mu6MB+PZeJm3poxkZhf8kPH6AQdglF4=</latexit>

ṗ = 0
<latexit sha1_base64="WfnOFqyrylp9+oW3fPW6LR3LLY4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsz0QetCKLpxWcE+sB1KJs20oZnMkGSEMvQv3LhQxK1/486/MZ1W8XUgcDjnHu7N8SLOlLbtdyuzsrq2vpHdzG1t7+zu5fcP2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJpdzv3NHpWKhuNHTiLoBHgnmM4K1kW77w1CjCJ0je5Av2EU7BfpLnCUpwBLNQf7NhEkcUKEJx0r1HDvSboKlZoTTWa4fKxphMsEj2jNU4IAqN0kvnqETowyRH0rzhEap+j2R4ECpaeCZyQDrsfrtzcX/vF6s/bqbMBHFmgqyWOTHHOkQzb+PhkxSovnUEEwkM7ciMsYSE21KyqUlVGtO6ayKUlK265/E+SqhXSo65WLlulJoXCzryMIRHMMpOFCDBlxBE1pAQMA9PMKTpawH69l6WYxmrGXmEH7Aev0ABwGQBw==</latexit>

q̇ = 0
<latexit sha1_base64="8YXfJWRYlS4HQW94v3cZUJzlnx4=">AAAB8XicbVDLSgMxFM34rPVVdekmWARXZaYPWhdC0Y3LCvaB7VAyaaYNzWTG5I5QSv/CjQtF3Po37vwb0+kovg4EDufcw705XiS4Btt+t5aWV1bX1jMb2c2t7Z3d3N5+S4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vpj77TumNA/lNUwi5gZkKLnPKQEj3fQGIeBbfIbtfi5vF+wE+C9xUpJHKRr93JsJ0zhgEqggWncdOwJ3ShRwKtgs24s1iwgdkyHrGipJwLQ7TS6e4WOjDLAfKvMk4ET9npiSQOtJ4JnJgMBI//bm4n9eNwa/5k65jGJgki4W+bHAEOL59/GAK0ZBTAwhVHFzK6YjoggFU1I2KaFSdYqnFZyQkl37JM5XCa1iwSkVylflfP08rSODDtEROkEOqqI6ukQN1EQUSXSPHtGTpa0H69l6WYwuWWnmAP2A9foBCImQCA==</latexit>

'[A]
t (y0) = (q0 + t · p0, p0)

<latexit sha1_base64="qCXmT4qGbSfLqkzSab4ScU9DdMo="></latexit>

'[B]
t (y0) = (q0, p0 � t ·rU(q))

<latexit sha1_base64="Gt8sRLw/bYz9en4YfhrSYFtNsGM="></latexit>

'[H]
t

(y0) ⇡ '[B]
t

'[A]
t

(y0)
<latexit sha1_base64="J78sBbACUWkHPal3soHdX6jiiPE="></latexit>

Idea of a splitting scheme is:



Example!

'[A]
t (y0) = (q0 + t · p0, p0)

<latexit sha1_base64="qCXmT4qGbSfLqkzSab4ScU9DdMo="></latexit>

'[B]
t (y0) = (q0, p0 � t ·rU(q))

<latexit sha1_base64="Gt8sRLw/bYz9en4YfhrSYFtNsGM="></latexit>

exp (tLA) exp (tLB) = exp

✓
tLA + tLB +

1

2
t2 [LA,LB ] +O(t3)

◆

<latexit sha1_base64="jvH1LC4gP8d3RVji+d+W3wXP8Hw="></latexit>

Can show that 
[LA,LB ] = L{A,B}

<latexit sha1_base64="fswGTUNWlKpuE4NcfaOeOhZMn6s="></latexit>

H
0 = A+B +

1

2
t{A,B}+O(t2)

<latexit sha1_base64="cKGo5uwwigrwKqtf1JOl2+dbQEk="></latexit>

So, we’re solving the EoM for the following Hamiltonian exactly

BCH



Example!

H
0 =

1

2
p
2 + U(q) +

1

2
t

⇢
1

2
p
2
, U(q)

�
+O(t2)

= H �
t

2
prU(q) +O(t2)

<latexit sha1_base64="TdnV4CqK6vj3dFM047KHE2bS140="></latexit>

H
0 = A+B +

1

2
t{A,B}+O(t2)

<latexit sha1_base64="cKGo5uwwigrwKqtf1JOl2+dbQEk="></latexit>

We’re solving the EoM for the following Hamiltonian exactly

for our specific example: 

Works for small t, thus 
t ! dt

<latexit sha1_base64="9W9uQplJGnNlymAx0gdSC7UW6TU=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZPmjdFd24rGAf0A4lk0nb0MyD5E6lDP0nblwo4tZ/4s5/YzodxdeBwMc595LLcSPBFVjWu5FbW9/Y3MpvF3Z29/YPzMOjjgpjSVmbhiKUPZcoJnjA2sBBsF4kGfFdwbru9GqZd2dMKh4GtzCPmOOTccBHnBLQ1tA0AQ8kH0+ASBneYQ+GZtEqWanwX7AzKKJMraH5NvBCGvssACqIUn3bisBJiAROBVsUBrFiEaFTMmZ9jQHxmXKS9PIFPtOOh0eh1C8AnLrfNxLiKzX3XT3pE5io39nS/C/rxzBqOAkPohhYQFcfjWKBIcTLGrDHJaMg5hoIlVzfiumESEJBl1VIS6jV7fJFDadQsRqfYH+V0CmX7EqpelMtNi+zOvLoBJ2ic2SjOmqia9RCbUTRDN2jR/RkJMaD8Wy8rEZzRrZzjH7IeP0AghGTxQ==</latexit>

and repeat many times.



Talk Outline

Operator splitting methods  
for the N-body problem

Rein, Brown & Tamayo (2019), Rein, Tamayo & Brown (2019)



Wisdom-Holman integrator

Splitting the Hamiltonian:

H = A+ ✏B
<latexit sha1_base64="zBeFeu8nNW4/cnfqfT5x0mlwglk=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTbAIglBm+qB1IdS66bKCbYV2LJk004ZmkiHJKGXo/3DjQhG3/hd3/hvTaRVfBwIf59xLLscLGVXatt+t1NLyyupaej2zsbm1vZPd3WsrEUlMWlgwIa89pAijnLQ01Yxch5KgwGOk440vZnnnlkhFBb/Sk5C4ARpy6lOMtLFuGmfnJz0SKsoEh/V+Nmfn7UTwLzgLyIGFmv3sW28gcBQQrjFDSnUdO9RujKSmmJFpphcpEiI8RkPSNchRQJQbJ1dP4ZFxBtAX0jyuYeJ+34hRoNQk8MxkgPRI/c5m5n9ZN9J+1Y0pDyNNOJ5/5EcMagFnFcABlQRrNjGAsKTmVohHSCKsTVGZpIRyxSmclmECRbv6Cc5XCe1C3inmS5elXK2+qCMNDsAhOAYOqIAaaIAmaAEMJLgHj+DJurMerGfrZT6ashY7++CHrNcPXWiR+A==</latexit>

H
0 =A+ ✏B � ✏

dt
2

24
{A, {A,B}}� ✏

2 dt
2

12
{B, {A,B}}

+O(✏dt4) +O(✏2dt4) + . . .
<latexit sha1_base64="DFAWhwHZo8K6FcAx9dSOJOZuA3E="></latexit>

Hamiltonian we’re solving is:

WH = e
1
2AeBe

1
2A.

<latexit sha1_base64="gjJmkgEF7xQ3yiLXBc66UGkXUS4="></latexit>

Wisdom-Holman integrator:



Wisdom-Holman integrator

WH = e
1
2AeBe

1
2A.

<latexit sha1_base64="gjJmkgEF7xQ3yiLXBc66UGkXUS4="></latexit>

Wisdom-Holman integrator:

SABA(10,6,4) = ea1Aeb1Bea2Aeb2Bea3Aeb3Bea4Aeb4Bea5A

eb5Bea6Aeb6Bea7Aeb7Bea8Aeb8Bea9A
<latexit sha1_base64="UgTRde3X5S9bnG7KHfEVmZ4Mt7s="></latexit>

Extension to higher order

H
0 =A+ ✏B +O(✏dt10) +O(✏2dt6) +O(✏3dt4) + . . .

<latexit sha1_base64="VaBDfqcEQzJ4myGV7ZJBePgCrQE="></latexit>

Which solves

McLachlan (1995), Laskar & Robutel (2001), Blanes et al. (2015)



Survey (Rein et al. 2019a)



Talk Outline

Alternative 1
Dynamical Systems Approach 

Wisdom 2018, Wisdom, Holman & Touma 1996



Wisdom-Holman integrator revisited

Splitting the Hamiltonian:

H = A+ ✏B
<latexit sha1_base64="zBeFeu8nNW4/cnfqfT5x0mlwglk=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTbAIglBm+qB1IdS66bKCbYV2LJk004ZmkiHJKGXo/3DjQhG3/hd3/hvTaRVfBwIf59xLLscLGVXatt+t1NLyyupaej2zsbm1vZPd3WsrEUlMWlgwIa89pAijnLQ01Yxch5KgwGOk440vZnnnlkhFBb/Sk5C4ARpy6lOMtLFuGmfnJz0SKsoEh/V+Nmfn7UTwLzgLyIGFmv3sW28gcBQQrjFDSnUdO9RujKSmmJFpphcpEiI8RkPSNchRQJQbJ1dP4ZFxBtAX0jyuYeJ+34hRoNQk8MxkgPRI/c5m5n9ZN9J+1Y0pDyNNOJ5/5EcMagFnFcABlQRrNjGAsKTmVohHSCKsTVGZpIRyxSmclmECRbv6Cc5XCe1C3inmS5elXK2+qCMNDsAhOAYOqIAaaIAmaAEMJLgHj+DJurMerGfrZT6ashY7++CHrNcPXWiR+A==</latexit>

H
0 =A+ ✏B � ✏

dt
2

24
{A, {A,B}}� ✏

2 dt
2

12
{B, {A,B}}

+O(✏dt4) +O(✏2dt4) + . . .
<latexit sha1_base64="DFAWhwHZo8K6FcAx9dSOJOZuA3E="></latexit>

The actual Hamiltonian solved



Wisdom-Holman integrator revisited

Wisdom’s “dynamical systems approach” looks at

This Hamiltonian is now trivial to solve

eA
<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit>

eA
<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit>�(⌦t)

<latexit sha1_base64="/ymjen8Aw7csRqPAMF0X7mlelB8=">AAAB+XicbZBJSwNBEIV74hbjNurRS2MQ4iXMZCHxFvTizQhmgSSEnk4ladKz0F0TCEP+iRcPinj1n3jz3ziZRHF70PDxXhVdPCeQQqNlvRuptfWNza30dmZnd2//wDw8amo/VBwa3Je+ajtMgxQeNFCghHaggLmOhJYzuVrkrSkoLXzvDmcB9Fw28sRQcIax1TfN7gAkslz3xoURo3jeN7NW3kpE/4K9gixZqd4337oDn4cueMgl07pjWwH2IqZQcAnzTDfUEDA+YSPoxOgxF3QvSi6f07PYGdChr+LnIU3c7xsRc7WeuU486TIc69/Zwvwv64Q4rPYi4QUhgseXHw1DSdGnixroQCjgKGcxMK5EfCvlY6YYx7isTFJCuWIXLso0gaJV/QT7q4RmIW8X86XbUrZ2uaojTU7IKckRm1RIjVyTOmkQTqbknjySJyMyHoxn42U5mjJWO8fkh4zXD4yJkyQ=</latexit>

eA
<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit> �(⌦t)

<latexit sha1_base64="/ymjen8Aw7csRqPAMF0X7mlelB8=">AAAB+XicbZBJSwNBEIV74hbjNurRS2MQ4iXMZCHxFvTizQhmgSSEnk4ladKz0F0TCEP+iRcPinj1n3jz3ziZRHF70PDxXhVdPCeQQqNlvRuptfWNza30dmZnd2//wDw8amo/VBwa3Je+ajtMgxQeNFCghHaggLmOhJYzuVrkrSkoLXzvDmcB9Fw28sRQcIax1TfN7gAkslz3xoURo3jeN7NW3kpE/4K9gixZqd4337oDn4cueMgl07pjWwH2IqZQcAnzTDfUEDA+YSPoxOgxF3QvSi6f07PYGdChr+LnIU3c7xsRc7WeuU486TIc69/Zwvwv64Q4rPYi4QUhgseXHw1DSdGnixroQCjgKGcxMK5EfCvlY6YYx7isTFJCuWIXLso0gaJV/QT7q4RmIW8X86XbUrZ2uaojTU7IKckRm1RIjVyTOmkQTqbknjySJyMyHoxn42U5mjJWO8fkh4zXD4yJkyQ=</latexit>

eB
<latexit sha1_base64="J51I0guOxwVGf9qUXWi2Oe9YrwQ=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8AdwY1LjCIkMJJOOQMNnc6k7ZgQwiO4caExbn0id76NZRiNtz9p8uU/5+Sc/l7EmdK2/W5lVlbX1jeym7mt7Z3dvfz+wY0KY0mhTUMeyq5HFHAmoK2Z5tCNJJDA49DxJueLeucOpGKhuNbTCNyAjATzGSXaWFdw2xzkC3bRToT/gpNCAaVqDfJv/WFI4wCEppwo1XPsSLszIjWjHOa5fqwgInRCRtAzKEgAyp0lp87xiXGG2A+leULjxP0+MSOBUtPAM50B0WP1u7Yw/6v1Yu3X3RkTUaxB0OUiP+ZYh3jxbzxkEqjmUwOESmZuxXRMJKHapJNLQqjWnNJZFSdQtuuf4HyFcFMqOuVi5bJSaDTTOLLoCB2jU+SgGmqgC9RCbUTRCN2jR/RkcevBerZelq0ZK505RD9kvX4AJgiN5g==</latexit>

eB
<latexit sha1_base64="J51I0guOxwVGf9qUXWi2Oe9YrwQ=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8AdwY1LjCIkMJJOOQMNnc6k7ZgQwiO4caExbn0id76NZRiNtz9p8uU/5+Sc/l7EmdK2/W5lVlbX1jeym7mt7Z3dvfz+wY0KY0mhTUMeyq5HFHAmoK2Z5tCNJJDA49DxJueLeucOpGKhuNbTCNyAjATzGSXaWFdw2xzkC3bRToT/gpNCAaVqDfJv/WFI4wCEppwo1XPsSLszIjWjHOa5fqwgInRCRtAzKEgAyp0lp87xiXGG2A+leULjxP0+MSOBUtPAM50B0WP1u7Yw/6v1Yu3X3RkTUaxB0OUiP+ZYh3jxbzxkEqjmUwOESmZuxXRMJKHapJNLQqjWnNJZFSdQtuuf4HyFcFMqOuVi5bJSaDTTOLLoCB2jU+SgGmqgC9RCbUTRCN2jR/RkcevBerZelq0ZK505RD9kvX4AJgiN5g==</latexit>

�(⌦t)
<latexit sha1_base64="/ymjen8Aw7csRqPAMF0X7mlelB8=">AAAB+XicbZBJSwNBEIV74hbjNurRS2MQ4iXMZCHxFvTizQhmgSSEnk4ladKz0F0TCEP+iRcPinj1n3jz3ziZRHF70PDxXhVdPCeQQqNlvRuptfWNza30dmZnd2//wDw8amo/VBwa3Je+ajtMgxQeNFCghHaggLmOhJYzuVrkrSkoLXzvDmcB9Fw28sRQcIax1TfN7gAkslz3xoURo3jeN7NW3kpE/4K9gixZqd4337oDn4cueMgl07pjWwH2IqZQcAnzTDfUEDA+YSPoxOgxF3QvSi6f07PYGdChr+LnIU3c7xsRc7WeuU486TIc69/Zwvwv64Q4rPYi4QUhgseXHw1DSdGnixroQCjgKGcxMK5EfCvlY6YYx7isTFJCuWIXLso0gaJV/QT7q4RmIW8X86XbUrZ2uaojTU7IKckRm1RIjVyTOmkQTqbknjySJyMyHoxn42U5mjJWO8fkh4zXD4yJkyQ=</latexit>

eB
<latexit sha1_base64="J51I0guOxwVGf9qUXWi2Oe9YrwQ=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8AdwY1LjCIkMJJOOQMNnc6k7ZgQwiO4caExbn0id76NZRiNtz9p8uU/5+Sc/l7EmdK2/W5lVlbX1jeym7mt7Z3dvfz+wY0KY0mhTUMeyq5HFHAmoK2Z5tCNJJDA49DxJueLeucOpGKhuNbTCNyAjATzGSXaWFdw2xzkC3bRToT/gpNCAaVqDfJv/WFI4wCEppwo1XPsSLszIjWjHOa5fqwgInRCRtAzKEgAyp0lp87xiXGG2A+leULjxP0+MSOBUtPAM50B0WP1u7Yw/6v1Yu3X3RkTUaxB0OUiP+ZYh3jxbzxkEqjmUwOESmZuxXRMJKHapJNLQqjWnNJZFSdQtuuf4HyFcFMqOuVi5bJSaDTTOLLoCB2jU+SgGmqgC9RCbUTRCN2jR/RkcevBerZelq0ZK505RD9kvX4AJgiN5g==</latexit>

H
0 = A+ ✏B + ✏B

X

n 6=0

cos(n⌦t)

= A+ 2⇡�2⇡(⌦t)✏B
<latexit sha1_base64="izwz+xEZVWVkIWzmErbcNKW/1sY="></latexit>



Talk Outline

Alternative 2
Quadratures

Laskar & Robutel 2001



Quadratures

ẏ(t) = LHy(t)
<latexit sha1_base64="upzjYZgmPDha3/PICHv8NOJpu/E=">AAACB3icbZDLSgMxFIYz9VbrrepSkGAR6qbM9ELrQii66cJFBXuBtgyZNNOGZi4kZ4RSunPjq7hxoYhbX8Gdb2M6reLtQODj/89JTn4nFFyBab4biaXlldW15HpqY3Nreye9u9dUQSQpa9BABLLtEMUE91kDOAjWDiUjniNYyxldzPzWDZOKB/41jEPW88jA5y6nBLRkpw+7/QDwOAsn+Ax3PQJDSgS+tGtzzU5nzJwZF/4L1gIyaFF1O/2mL6SRx3yggijVscwQehMigVPBpqlupFhI6IgMWEejTzymepP4H1N8rJU+dgOpjw84Vr9PTIin1NhzdOdsU/Xbm4n/eZ0I3Epvwv0wAubT+UNuJDAEeBYK7nPJKIixBkIl17tiOiSSUNDRpeIQSmUrf1rCMRTMyidYXyE08zmrkCteFTPV80UcSXSAjlAWWaiMqqiG6qiBKLpF9+gRPRl3xoPxbLzMWxPGYmYf/Sjj9QOUOJdl</latexit>

Z
ẏ(t)dt =

Z
LHy(t)dt

<latexit sha1_base64="P/enyumdkKAKYiJ4hV91A+/p2NI=">AAACF3icbVDLSgMxFM3UV62vqks3wSLUTZnpg9aFUHTThYsK9gFtKZk0bUMzD5I7wlD6F278FTcuFHGrO//GzLQWXwcCh3PuTU6O7QuuwDQ/jMTK6tr6RnIztbW9s7uX3j9oKi+QlDWoJzzZtoligrusARwEa/uSEccWrGVPLiO/dcuk4p57A6HPeg4ZuXzIKQEt9dO5LncBdwce4DALp3gA+BzPNYfAmBKBr/q1pddPZ8ycGQP/JdaCZNAC9X76Xd9NA4e5QAVRqmOZPvSmRAKngs1S3UAxn9AJGbGOpi5xmOpN43/N8IlWBnjoSX10olj9vjEljlKhY+vJKKz67UXif14ngGGlN+WuHwBz6fyhYSAweDgqCQ+4ZBREqAmhkuusmI6JJBR0lam4hFLZyp+VcEwKZuWLWMsSmvmcVcgVr4uZ6sWijiQ6QscoiyxURlVUQ3XUQBTdoQf0hJ6Ne+PReDFe56MJY7FziH7AePsEBwydgw==</latexit>

Trying to solve an ODE

We can also integrate both sides to get 

y(t) =

Z
LHy(t)dt

<latexit sha1_base64="YljuZz3Rk1K5xXHBnRock1/J0p4=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SDEJuzmQWIhBG1SWEQwD0hCmJ1MkiGzD2buCktIbeOv2FgoYusX2Pk3zm6i+DowcDjnXu6ZY/uCKzDNdyOxtLyyupZcT21sbm3vpHf3msoLJGUN6glPtm2imOAuawAHwdq+ZMSxBWvZk4vIb90wqbjnXkPos55DRi4fckpAS/30YZiFE3yGu9wF3HUIjCkR+LJfw7ExANxPZ8ycGQP/JdaCZNAC9X76rTvwaOAwF6ggSnUs04felEjgVLBZqhso5hM6ISPW0dQlDlO9afyVGT7WygAPPamfThSr3zemxFEqdGw9GYVVv71I/M/rBDCs9Kbc9QNgLp0fGgYCg4ejXvCAS0ZBhJoQKrnOiumYSEJBt5eKSyiVrfxpCcekYFY+ifVVQjOfswq54lUxUz1f1JFEB+gIZZGFyqiKaqiOGoiiW3SPHtGTcWc8GM/Gy3w0YSx29tEPGK8fm8GYfw==</latexit>

Thus



Quadratures



Quadratures

time

pe
rtu

rb
at

io
n

One-sided Riemann sum is equivalent to (symplectic) Euler method
Euler = eAeB

<latexit sha1_base64="4CKsQTEfxqxXt7OYT7zmfnF75fU=">AAACCXicbZDLSgMxFIYzXmu9VV26CRbBVZnRltaFUCuCywq2FdpaMulpG5q5kJwRyzBbN76KGxeKuPUN3Pk2zrRVvP2Q8PGfczjJb/tSaDTNd2Nmdm5+YTG1lF5eWV1bz2xs1rUXKA417klPXdpMgxQu1FCghEtfAXNsCQ17eJLUG9egtPDcCxz50HZY3xU9wRnGVidDE7UQbjA8DSSoiB5RuArpcZTclSjdyWTNnDkW/QvWFLJkqmon89bqejxwwEUumdZNy/SxHTKFgkuI0q1Ag8/4kPWhGaPLHNDtcPyTiO7GTpf2PBUfF+nY/T4RMkfrkWPHnQ7Dgf5dS8z/as0Ae6V2KFw/QHD5ZFEvkBQ9msRCu0IBRzmKgXEl4rdSPmCKcYzDm4RQKFr7hwU6hgOz9AnWVwj1/Zx1kMuf57PlyjSOFNkmO2SPWKRIyuSMVEmNcHJL7skjeTLujAfj2XiZtM4Y05kt8kPG6weOG5iK</latexit>

dt
<latexit sha1_base64="MgPku459alkX7JPNh/cU/g2liao=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJL7Tuim5cVrG20IYymUzaoZNJmJkIpfQN3LhQxK1v5M63cZpG8fbDwMd/zuGc+b2YM6Vt+93KrayurW/kNwtb2zu7e8X9g1sVJZLQDol4JHseVpQzQTuaaU57saQ49DjtepOLRb17R6VikbjR05i6IR4JFjCCtbGufT0sluyynQr9BSeDEmRqD4tvAz8iSUiFJhwr1XfsWLszLDUjnM4Lg0TRGJMJHtG+QYFDqtxZeukcnRjHR0EkzRMape73iRkOlZqGnukMsR6r37WF+V+tn+ig6c6YiBNNBVkuChKOdIQW30Y+k5RoPjWAiWTmVkTGWGKiTTiFNIR6w6mc1VEKVbv5Cc5XCLeVslMt165qpdZ5FkcejuAYTsGBBrTgEtrQAQIB3MMjPFkT68F6tl6WrTkrmzmEH7JePwC8G42v</latexit>

| {z }
<latexit sha1_base64="7dZK6rBBQNuXpM7Jy4++Qi7Txmo=">AAACdHicnVG7TsMwFHXCu7wCDAwwGKpKDKhK+lBhQ7AwFolCpaaqHOe2teo4wXaQqqhfwN+x8RkszLihVLwmrmTr6Jx7ZOucIOFMadd9seyFxaXlldW1wvrG5ta2s7N7p+JUUmjRmMeyHRAFnAloaaY5tBMJJAo43Aejq6l+/whSsVjc6nEC3YgMBOszSrShes6Tn4oQZCAJhcw/9R9SEuJ/3f7p/3xz96TnFN2ymw/+DbwZKKLZNHvOsx/GNI1AaMqJUh3PTXQ3I1IzymFS8FMFCaEjMoCOgYJEoLpZHtoElwwT4n4szREa5+xXR0YipcZRYDYjoofqpzYl/9I6qe6fdTMmklSDoB8P9VOOdYynDeCQSaCajw0gVDLzV0yHxBSgTU+FPIR6w6uc13EOqu7ZJ/DmIdxVyl61XLupFS8uZ3GsogN0jE6QhxroAl2jJmohil6tfQtbR9abfWgX7dLHqm3NPHvo29jld7SNvXw=</latexit>



Quadratures

time

pe
rtu

rb
at

io
n

| {z }
<latexit sha1_base64="33fD4YwEsOoWX0UvUstnMdCCkHI=">AAACNnicnZDLSgMxFIYz3q23UZdugkVwUcpMtbTuim7cCAr2Ap1SMplTDc1kxiQjlKFP5cbncOfGhSJufQTTcRRvKw8k/Pz/OZzk82POlHace2tqemZ2bn5hsbC0vLK6Zq9vtFSUSApNGvFIdnyigDMBTc00h04sgYQ+h7Y/PJrk7WuQikXiXI9i6IXkQrABo0Qbq2+feIkIQPqSUEi9kneVkAD/6/ZKeNy3i07ZyQr/Fm4uiiiv07595wURTUIQmnKiVNd1Yt1LidSMchgXvERBTOiQXEDXSEFCUL00+/YY7xgnwINImiM0ztyvEykJlRqFvukMib5UP7OJ+VfWTfSg3kuZiBMNgr4vGiQc6whPGOKASaCaj4wgVDLzVkwviUGoDelCBqFacysHVZyJPaf+IdxPCK1K2d0r75/tFxuHOY4FtIW20S5yUQ010DE6RU1E0Q26R4/oybq1Hqxn6+W9dcrKZzbRt7Je3wCVdKv7</latexit>

| {z }
<latexit sha1_base64="33fD4YwEsOoWX0UvUstnMdCCkHI=">AAACNnicnZDLSgMxFIYz3q23UZdugkVwUcpMtbTuim7cCAr2Ap1SMplTDc1kxiQjlKFP5cbncOfGhSJufQTTcRRvKw8k/Pz/OZzk82POlHace2tqemZ2bn5hsbC0vLK6Zq9vtFSUSApNGvFIdnyigDMBTc00h04sgYQ+h7Y/PJrk7WuQikXiXI9i6IXkQrABo0Qbq2+feIkIQPqSUEi9kneVkAD/6/ZKeNy3i07ZyQr/Fm4uiiiv07595wURTUIQmnKiVNd1Yt1LidSMchgXvERBTOiQXEDXSEFCUL00+/YY7xgnwINImiM0ztyvEykJlRqFvukMib5UP7OJ+VfWTfSg3kuZiBMNgr4vGiQc6whPGOKASaCaj4wgVDLzVkwviUGoDelCBqFacysHVZyJPaf+IdxPCK1K2d0r75/tFxuHOY4FtIW20S5yUQ010DE6RU1E0Q26R4/oybq1Hqxn6+W9dcrKZzbRt7Je3wCVdKv7</latexit>
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2A.

<latexit sha1_base64="gjJmkgEF7xQ3yiLXBc66UGkXUS4="></latexit>
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<latexit sha1_base64="C7NRUBjtp5EdI2Yd+/Ife4aAsn8=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWkF1p3RTcuK9gLpKFMJpN26OTCzIlQQh/DjQtF3Po07nwbp2kUbz8MfPznHM6Z340FV2Ca70ZhbX1jc6u4XdrZ3ds/KB8e9VWUSMp6NBKRHLpEMcFD1gMOgg1jyUjgCjZwZ1fL+uCOScWj8BbmMXMCMgm5zykBbdkjXxKaerCo4XG5YlbNTPgvWDlUUK7uuPw28iKaBCwEKohStmXG4KREAqeCLUqjRLGY0BmZMFtjSAKmnDQ7eYHPtONhP5L6hYAz9/tESgKl5oGrOwMCU/W7tjT/q9kJ+G0n5WGcAAvpapGfCAwRXv4fe1wyCmKugVDJ9a2YTolOAXRKpSyEZsuqXTRxBnWz/QnWVwj9WtWqVxs3jUrnMo+jiE7QKTpHFmqhDrpGXdRDFEXoHj2iJwOMB+PZeFm1Fox85hj9kPH6AQ68kUs=</latexit>

dt

2
<latexit sha1_base64="C7NRUBjtp5EdI2Yd+/Ife4aAsn8=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWkF1p3RTcuK9gLpKFMJpN26OTCzIlQQh/DjQtF3Po07nwbp2kUbz8MfPznHM6Z340FV2Ca70ZhbX1jc6u4XdrZ3ds/KB8e9VWUSMp6NBKRHLpEMcFD1gMOgg1jyUjgCjZwZ1fL+uCOScWj8BbmMXMCMgm5zykBbdkjXxKaerCo4XG5YlbNTPgvWDlUUK7uuPw28iKaBCwEKohStmXG4KREAqeCLUqjRLGY0BmZMFtjSAKmnDQ7eYHPtONhP5L6hYAz9/tESgKl5oGrOwMCU/W7tjT/q9kJ+G0n5WGcAAvpapGfCAwRXv4fe1wyCmKugVDJ9a2YTolOAXRKpSyEZsuqXTRxBnWz/QnWVwj9WtWqVxs3jUrnMo+jiE7QKTpHFmqhDrpGXdRDFEXoHj2iJwOMB+PZeFm1Fox85hj9kPH6AQ68kUs=</latexit>

Mid-point method is equivalent to the WH method
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<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit>
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<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit> eA

<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit>
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<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit>
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<latexit sha1_base64="J51I0guOxwVGf9qUXWi2Oe9YrwQ=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8AdwY1LjCIkMJJOOQMNnc6k7ZgQwiO4caExbn0id76NZRiNtz9p8uU/5+Sc/l7EmdK2/W5lVlbX1jeym7mt7Z3dvfz+wY0KY0mhTUMeyq5HFHAmoK2Z5tCNJJDA49DxJueLeucOpGKhuNbTCNyAjATzGSXaWFdw2xzkC3bRToT/gpNCAaVqDfJv/WFI4wCEppwo1XPsSLszIjWjHOa5fqwgInRCRtAzKEgAyp0lp87xiXGG2A+leULjxP0+MSOBUtPAM50B0WP1u7Yw/6v1Yu3X3RkTUaxB0OUiP+ZYh3jxbzxkEqjmUwOESmZuxXRMJKHapJNLQqjWnNJZFSdQtuuf4HyFcFMqOuVi5bJSaDTTOLLoCB2jU+SgGmqgC9RCbUTRCN2jR/RkcevBerZelq0ZK505RD9kvX4AJgiN5g==</latexit>

eB
<latexit sha1_base64="J51I0guOxwVGf9qUXWi2Oe9YrwQ=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8AdwY1LjCIkMJJOOQMNnc6k7ZgQwiO4caExbn0id76NZRiNtz9p8uU/5+Sc/l7EmdK2/W5lVlbX1jeym7mt7Z3dvfz+wY0KY0mhTUMeyq5HFHAmoK2Z5tCNJJDA49DxJueLeucOpGKhuNbTCNyAjATzGSXaWFdw2xzkC3bRToT/gpNCAaVqDfJv/WFI4wCEppwo1XPsSLszIjWjHOa5fqwgInRCRtAzKEgAyp0lp87xiXGG2A+leULjxP0+MSOBUtPAM50B0WP1u7Yw/6v1Yu3X3RkTUaxB0OUiP+ZYh3jxbzxkEqjmUwOESmZuxXRMJKHapJNLQqjWnNJZFSdQtuuf4HyFcFMqOuVi5bJSaDTTOLLoCB2jU+SgGmqgC9RCbUTRCN2jR/RkcevBerZelq0ZK505RD9kvX4AJgiN5g==</latexit>

eB
<latexit sha1_base64="J51I0guOxwVGf9qUXWi2Oe9YrwQ=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8AdwY1LjCIkMJJOOQMNnc6k7ZgQwiO4caExbn0id76NZRiNtz9p8uU/5+Sc/l7EmdK2/W5lVlbX1jeym7mt7Z3dvfz+wY0KY0mhTUMeyq5HFHAmoK2Z5tCNJJDA49DxJueLeucOpGKhuNbTCNyAjATzGSXaWFdw2xzkC3bRToT/gpNCAaVqDfJv/WFI4wCEppwo1XPsSLszIjWjHOa5fqwgInRCRtAzKEgAyp0lp87xiXGG2A+leULjxP0+MSOBUtPAM50B0WP1u7Yw/6v1Yu3X3RkTUaxB0OUiP+ZYh3jxbzxkEqjmUwOESmZuxXRMJKHapJNLQqjWnNJZFSdQtuuf4HyFcFMqOuVi5bJSaDTTOLLoCB2jU+SgGmqgC9RCbUTRCN2jR/RkcevBerZelq0ZK505RD9kvX4AJgiN5g==</latexit>

eB
<latexit sha1_base64="J51I0guOxwVGf9qUXWi2Oe9YrwQ=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8AdwY1LjCIkMJJOOQMNnc6k7ZgQwiO4caExbn0id76NZRiNtz9p8uU/5+Sc/l7EmdK2/W5lVlbX1jeym7mt7Z3dvfz+wY0KY0mhTUMeyq5HFHAmoK2Z5tCNJJDA49DxJueLeucOpGKhuNbTCNyAjATzGSXaWFdw2xzkC3bRToT/gpNCAaVqDfJv/WFI4wCEppwo1XPsSLszIjWjHOa5fqwgInRCRtAzKEgAyp0lp87xiXGG2A+leULjxP0+MSOBUtPAM50B0WP1u7Yw/6v1Yu3X3RkTUaxB0OUiP+ZYh3jxbzxkEqjmUwOESmZuxXRMJKHapJNLQqjWnNJZFSdQtuuf4HyFcFMqOuVi5bJSaDTTOLLoCB2jU+SgGmqgC9RCbUTRCN2jR/RkcevBerZelq0ZK505RD9kvX4AJgiN5g==</latexit>

SABA4 = ea1Aeb1Bea2Aeb2Bea3Aeb3Bea4Aeb4Bea5A
<latexit sha1_base64="q+7ZxKYQDv2t5/IFyNibiDVZNOk="></latexit>

equivalent to a 4 point Gauß-Legendre quadrature 

eA
<latexit sha1_base64="Vit7BFll9mgiHCi7BKAw4TOhiv0=">AAAB6nicbZDLTgIxFIY7eEO8oS7dNBITV2SGS8Ad6sYlRgETGEmnnIGGTmfSdkwI4RHcuNAYtz6RO9/GMozG2580+fKfc3JOfy/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r63CWFJo0ZCH8sYjCjgT0NJMc7iJJJDA49DxxufzeucOpGKhuNaTCNyADAXzGSXaWFdwe9rPF+yinQj/BSeFAkrV7OffeoOQxgEITTlRquvYkXanRGpGOcxyvVhBROiYDKFrUJAAlDtNTp3hI+MMsB9K84TGift9YkoCpSaBZzoDokfqd21u/lfrxtqvu1MmoliDoItFfsyxDvH833jAJFDNJwYIlczciumISEK1SSeXhFCtOaWTKk6gbNc/wfkKoV0qOuVi5bJSaJylcWTRATpEx8hBNdRAF6iJWoiiIbpHj+jJ4taD9Wy9LFozVjqzj37Iev0AJISN5Q==</latexit>
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What matters for 
long-term integrations?

Rein, Brown & Tamayo (2019), Rein, Tamayo & Brown (2019)



Wisdom-Holman
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{B, {A,B}}+O(✏dt4) +O(✏2dt4) + . . .

<latexit sha1_base64="T9C6DBVYYbEW+ZreynlxqKiiua4="></latexit>

Rein, Tamayo & Brown (2019)



Wisdom-Holman with correctors
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<latexit sha1_base64="T9C6DBVYYbEW+ZreynlxqKiiua4="></latexit>

Rein, Tamayo & Brown (2019)



Wisdom-Holman with modified Kernel
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<latexit sha1_base64="T9C6DBVYYbEW+ZreynlxqKiiua4="></latexit>

Rein, Tamayo & Brown (2019)



SABA(10,6,4)
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<latexit sha1_base64="T9C6DBVYYbEW+ZreynlxqKiiua4="></latexit>

machine precision 

McLachlan (1995), Laskar & Robutel (2001), Blanes et al. (2015)



Cost

Measured in function evaluations

1

8

Rein, Tamayo & Brown (2019)



Secularly evolving system 

Rein, Brown & Tamayo (2019)



Why?

Rein, Brown & Tamayo (2019)
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<latexit sha1_base64="dSgs3Z3eTRscWtOuJbeO73E0RHk="></latexit>



Why?

Rein, Brown & Tamayo (2019)

H
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� ✏
dt
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24
{A, {A,B}}

� ✏
2 dt
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12
{B, {A,B}}

+O(✏dt4) +O(✏2dt4)

+ . . .
<latexit sha1_base64="dSgs3Z3eTRscWtOuJbeO73E0RHk="></latexit>
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Applications to
non-Hamiltonian systems



REBOUNDX



Conclusions 

Operator splitting methods are very powerful for integrating 
perturbed systems

Energy error is not a good metric for the long-term evolution 
of secular systems

Two methods stand out for planetary systems: WHCKL, 
SABA(10,6,4)

Symplectic correctors alone offer no improvement to Solar 
System integrations

Dozens of high order integrators implemented in REBOUND. 
Orders of magnitude gain in accuracy without an additional 
cost!


